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Florian Besau Carsten Schütt Elisabeth M. Werner
Abstract
We investigate weighted floating bodies of polytopes. We show that
the weighted volume depends on the complete flags of the polytope. This
connection is obtained by introducing flag simplices, which translate between
the metric and combinatorial structure.
Our results are applied in spherical and hyperbolic space. This leads to
new asymptotic results for polytopes in these spaces. We also provide explicit
examples of spherical and hyperbolic convex bodies whose floating bodies
behave completely different from any convex body in Euclidean space.
Keywords. convex floating body of polytope, weighted floating body of
polytope, total number of flags, flag simplex, spherical polytope, hyperbolic
polytope
A convex body K in Rn is a compact, convex set with nonempty interior. A
convex floating body Kδ is obtained from K by cutting off all caps of a fixed
volume δ > 0 [5, 66]. Blaschke [19] proved a fundamental relation between the
volume of floating bodies and the classical affine surface area as(K) in dimension
2 and 3, which was later generalized by Leichtweiss [44] to higher dimensions, for
sufficiently smooth convex bodies K. By using the convex floating body Kδ, in
[66] the following extension of this relation to all convex bodies K was established,
lim
δ→0+
voln(K)− voln(Kδ)
δ
2
n+1
= cn as(K), (0.1)
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where cn = (2pi)
1−n
1+n Γ(n+32 )
2
1+n . Far reaching generalizations of affine surface
areas have since been introduced, which include the Lp affine surface areas [52, 58,
76, 79] and more recently Orlicz affine surface areas [36, 49] (see also [24, 78]).
Furthermore, functional analogous were introduced [2, 25, 47] and extensions of the
convex floating body and (0.1) were established in spherical [13] and hyperbolic
spaces [14]. See also [26] for another recent success in extending Euclidean
convex geometry to spherical and hyperbolic spaces. In [75], and also in [15], (0.1)
was extended to weighted floating bodies, and a unifying framework to translate
between different constant curvature spaces was introduced. Other important
relatives of the floating body were considered in [59, 60, 68].
The volume derivative (0.1) vanishes for polytopes and in [5] the correct
asymptotic order was determined. In [65] it was shown that
lim
δ→0+
voln(P )− voln(Pδ)
δ
(
ln 1
δ
)n−1 = |flag(P )|n!nn−1 , (0.2)
where |flag(P )| is the total number of complete flags (or towers) of P (see Section
2.1 for the definition).
In this article we generalize (0.2) to a weighted setting. Our main results
are stated in the next section. Our generalizations provide extensions of (0.2) to
constant curvature spaces, in particular for n-dimensional spherical (Section 5.1)
and hyperbolic space (Section 5.2). We also provide examples in spherical space
and the hyperbolic plane, of convex bodies that realize asymptotic behavior of
order δ, a behavior that is impossible for Euclidean convex bodies.
A major tool in our proofs is the concept of flag simplices which we introduce
in Section 2. It is connected with simplex subdivisions of convex polytopes, and
should prove useful in other contexts. In particular, we believe that generalizations
of bounds on the approximation of convex bodies by polytopes [65], and asymptotic
results on random approximation of polytopes [3] are now well within reach.
In Subsection 2.3 we give a brief survey on lower and upper bounds of the
total number of complete flags. It is very intriguing, that the conjectured (by Kalai
[41]) minimizers for the total number of complete flags are exactly the same as in
Mahler’s conjecture for the volume product. We hope that our generalization of
(0.2) may shed new light on possible connections between the volume product of
polytopes and the total number of flags.
2
1 Statement of the Main Results
Let P be an n-polytope in Rn, that is, P is the convex hull of a finite num-
ber of points and such that P has non-empty interior. For continuous functions
ϕ, ψ : P → (0,∞) we denote by Φ, respectively Ψ, the measure with density ϕ,
respectively ψ, i.e., Φ(A) =
∫
A ϕ and Ψ(A) =
∫
A ψ for every Borel A ⊂ P . The
weighted floating body is defined in [75] by
Pϕδ =
⋂{
H− : Φ(P ∩H+) ≤ δ
}
, (1.1)
for every sufficiently small δ > 0 (cf. [15, Eq. (3)]). Clearly, if ϕ ≡ 1, then the
weighted floating body is the convex floating body, i.e., Pϕδ = Pδ.
Our main theorem is the following.
Theorem 1.1. Let P be an n-dimensional convex polytope in Rn and let ϕ, ψ :
P → (0,∞) be continuous functions. Then
lim
δ→0+
Ψ(P )−Ψ(Pϕδ )
δ
(
ln 1
δ
)n−1 = ∑
v∈vertP
ψ(v)
ϕ(v)
|flagv(P )|
n!nn−1 , (1.2)
where vertP is the set of vertices of P and |flagv(P )| is the number of complete
flags that have v as a vertex.
We will prove this theorem in Section 4. In the next section we recall some
basic facts from convex geometry and introduce the notion of flag simplices. In
Section 3 we review parts of the proof [65] of (0.2) and establish concentration
results with respect to flag simplices. Finally, in Section 4 we introduce weight
functions and employ the properties of flag simplices obtained in Section 2 to
derive Theorem 1.1.
The following special case of Theorem 1.1 is of particular interest:
Corollary 1.2. Let P be an n-dimensional convex polytope in Rn and let ϕ : P →
(0,∞) be a continuous function. Then
lim
δ→0+
Φ(P )− Φ(Pϕδ )
δ
(
ln 1
δ
)n−1 = |flag(P )|n!nn−1 , (1.3)
where |flag(P )| is the total number of complete flags of P .
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It is remarkable that the volume derivative of the weighted floating body, i.e., the
left hand side of (1.3), is independent of the actual weight function. This does not
happen for the volume derivative of the weighted floating body for general convex
bodies (cf. [75, Thm. 5] and [15, Thm. 1.1]). In view of (1.2), one explanation for
this behavior in the polytopal case might be, that the “curvature” is concentrated at
the vertices of the polytope.
In Section 5 we apply Corollary 1.2 to spherical and hyperbolic space and
derive the following theorems. There volsn, respectively volhn, denote the spher-
ical, respectively hyperbolic, volume and P sδ , respectively P
h
δ , is the spherical,
respectively hyperbolic, analogue of the convex floating body (see Section 5 for
details).
Theorem 1.3. If P is a spherically convex polytope contained in an open halfsphere
of the Euclidean unit sphere Sn ⊂ Rn+1, then
lim
δ→0+
volsn(P )− volsn(P sδ )
δ
(
ln 1
δ
)n−1 = |flag(P )|n!nn−1 . (1.4)
Theorem 1.4. If P is a compact geodesically convex polytope in hyperbolic n-
space Hn, then
lim
δ→0+
volhn(P )− volhn(P hδ )
δ
(
ln 1
δ
)n−1 = |flag(P )|n!nn−1 . (1.5)
In Section 5 we also give examples in spherical space and in the hyperbolic
plane for convex subsets where the volume difference between the set and its
floating body is of order δ, something that is not possible in Euclidean space.
2 Convex Polytopes and Flag Simplices
An n-polytope P is the convex hull of a finite number of points in Rn and such that
P has non-empty interior. We denote by P(Rn) the space of n-polytopes in Rn.
As general reference on convex bodies we refer to [32, 34, 64] and for references
on convex polytopes we may recommend [29, 35, 80].
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2.1 Faces and flags of a polytope
In the following we write convA for the convex hull of A ⊂ Rn and the convex
hull of a finite number of points v0, . . . , vm ∈ Rn is
[v0, . . . , vm] := conv{v0, . . . , vm}.
In particular, [x, y] will denote the closed affine segment spanned by x, y ∈ Rn.
The standard orthonormal basis in Rn is denoted by e1, . . . , en and for convenience
we set e0 := 0. The standard simplex Tn is defined by Tn := [e0, . . . , en].
We recall the following basic definitions (cf. [64, Sec. 2.1], [35, Ch. 3], [80,
Ch. 2] or [29, Sec. I.4]).
Definition (faces and complete flags). For P ∈ P(Rn), a face F of P is the
intersection of P with a supporting hyperplane H , i.e., F = P ∩ H . We call F
a i-face, i = 0, . . . , n− 1, of P if F spans a i-dimensional affine subspace. The
empty set and P are called improper faces of P with dimension −1, respectively n.
The set of all faces, respectively i-faces, of P is denoted by face(P ), respectively
facei(P ).
A complete flag of P is an ordered sequence F = (F0, . . . , Fn−1) of faces
F0 ⊂ . . . ⊂ Fn−1 with Fi ∈ facei(P ) for i = 0, . . . , n − 1. The set of complete
flags of P is denoted by flag(P ).
We write vert(P ) for the set of all vertices. Of course face0(P ) = {{v} : v ∈
vert(P )}. Given a fixed vertex v ∈ vertP , we denote by facei(P ; v) the subset
of i-faces of P that contain v. As usual we call 1-faces edges and (n − 1)-faces
facets.
The set face(P ) of all proper and improper faces of P is called the face-lattice.
It is a graded lattice with respect to the partial order induced by set inclusion on the
faces and the rank function is given by the dimension of the face. Note that what
we call flag is always a complete flag of P . Those are also called towers or full
flags in the literature, and they correspond to maximal chains in the face lattice.
Remark 2.1 (f -vector and flag vector). The f -vector (f0(P ), . . . , fn−1(P )) ∈ Nn,
where fi(P ) = |facei(P )|, denotes the number of all i-faces of P , is one of the most
important notions in polyhedral combinatorics. Many questions on characterizing
the set of all possible f -vectors of n-polytopes are still open. The two-dimensional
case, n = 2, is trivial and for n = 3 a complete characterization was obtained by
Steinitz in 1906 [74]. A characterization for the f -vector of simplicial n-polytopes,
that is, polytopes whose facets are simplices, was conjectured by McMullen in
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1971 [55], the so-called g-conjecture. The proof of McMullen’s conjecture was
established by Billera and Lee [18] and Stanley [72]–a crowning achievement. The
cases n ≥ 4 are in general still open, although there is much progress in the lower
dimensional cases, in particular for n = 4. See [69, 70] and the references therein.
To attack the higher dimensional cases a generalization of the f -vector has
been introduced [11], the flag vector, with entries fS(P ). Here S = {i0, . . . , is} ⊂
{0, 1, . . . , n − 1} := [n], such that i0 < . . . < is, is the rank set and fS(P ) is
the number of all sequences of faces F0 ⊂ . . . ⊂ Fs such that Fj ∈ faceij(P )
for j = 0, . . . , s. Clearly f{i}(P ) = fi(P ) and f[n](P ) = |flag(P )| is exactly the
number of complete flags.
Note that |flag(P )| = f[n](P ) can be expressed by flag numbers with lower
rank by the generalized Dehn–Sommerville equations, which were established by
Bayer and Billera [11]. In particular, for dimension n = 2, we have |flag(P )| =
2f0(P ) = 2f1(P ), for n = 3 we have |flag(P )| = 4f1(P ), and for n = 4 we
have |flag(P )| = 4f02(P ) (cf. [10]). Also, for every simplicial n-polytope P
we have |flag(P )| = n!fn−1(P ), and for every simple n-polytope P we have
|flag(P )| = n!f0(P ).
The following lemma is an easy exercise, but we include a short proof for the
reader’s convenience. It shows that the faces of a complete flag stack in a convex
way.
Lemma 2.2. Let P ∈ P(Rn), (F0, . . . , Fn−1) ∈ flag(P ) and set Fn := P . If
I ⊂ {0, . . . , n}, then
conv
(⋃
i∈I
relintFi
)
=
⊎
i∈I
relintFi, (2.1)
where by unionmulti we indicate that the sets are pairwise disjoint.
Proof. Proof by induction on k := |I|. The case k = 1 is trivial. Assume
that the statement holds true for k − 1. Let I ⊂ {0, . . . , n} with |I| = k. Set
i0 := max{i : i ∈ I} and J := I \ {i0}. By the induction hypothesis, since
|J | = |I| − 1 = k − 1, we have that C := ⊎j∈J relintFj is convex. Since
Fi ⊂ Fi+1 \ relintFi+1,
for all i = 0, . . . , n − 1, we conclude relintFi ⊂ Fi0 \ relintFi0 for all i ∈ J ,
since i < i0. This yields C ∩ relintFi0 = ∅ and C ∪ relintFi0 ⊂ Fi0 . Since C and
relintFi0 are convex, we conclude
conv(C ∪ relintFi0) = C unionmulti relintFi0 =
⊎
i∈I
relintFi.
6
Figure 1: Barycenter subdivision of a convex polygon.
2.2 Flag simplices
In this subsection we develop the notion of flag simplices. Let us start with an
introductory example: the barycenter subdivision of a convex polytope P ∈ P(Rn).
This subdivision generates a simplicial complex associated with P , i.e., it gives a
set of n-simplices Si, i = 1, . . . ,m, such that
i) Si ∩ Sj is either empty or a common face of both simplices, and
ii) P = ⋃{Si : i = 1, . . . ,m}.
In particular, i) implies that intSi ∩ intSj = ∅ if i 6= j. One may define the
barycenter subdivision inductively as follows: If n = 1, then P is just a segment
[a, b] ⊂ R and the barycenter subdivision is given by the segments [a, c] and [c, b]
where c = a+b2 is the barycenter (midpoint) of the segment.
Now if n > 1, we again set c as the barycenter (centroid) of P and for any facet
of P we apply the barycenter subdivision in the corresponding affine hyperplane.
Then the barycenter subdivision of P is the set of all n-simplices that are obtained
as the convex hull of c and the (n− 1)-simplices that decompose the facets (see
Figure 1). The important observation here is, that there is a bijection between
the simplices constructed in this way and the complete flags of P . In particular,
m = |flag(P )|.
Of course, instead of the barycenter one may consider any sequence of interior
points in the i-dimensional faces of P and obtain another subdivision of P . To
be more precise, for an n-polytope the barycenter subdivision is determined by
the centroids in the faces, i.e., the map CP : face(P ) → P , where CP (F ) is the
centroid of the proper face F , completely describes the subdivision (CP (∅) may be
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chosen arbitrarily). The simplices in the subdivision are determined by
S(CP ,F) = [CP (F0), . . . , CP (Fn−1), CP (P )], (2.2)
for F = (F0, . . . , Fn−1) ∈ flag(P ). In the same way, any map SP : face(P )→ P
with the property that SP (F ) ∈ relintF for all F ∈ face(P ), F 6= ∅, determines a
subdivision of P into a simplicial complex where the simplices S(SP ,F) are de-
termined by (2.2) and enumerated by the flags F of P . The barycenter subdivision
CP and, more generally, subdivisions SP are particular triangulations of P . An
extensive exposition on general triangulations and subdivision can be found in the
book [28]. The simplices that appear in barycenter-type subdivisions SP are the
main inspiration behind the following definition.
Definition (flag simplex). For P ∈ P(Rn) we call a simplex S = [v0, . . . , vn] a
flag simplex of P , if and only if, there is a flag (F0, . . . , Fn−1) ∈ flag(P ) and a
permutation σ of {0, . . . , n} such that
vσ(i) ∈ relintFi,
for i = 0, . . . , n− 1 and vσ(n) ∈ intP .
Since an n-polytope P is dissected by the relative interior of its faces, i.e.,
P = ⊎{relintF : F ∈ face(P )} (cf. [64, Thm. 2.1.2]), for every vertex vi of
the flag simplex, there is a uniquely determined face Fi such that vi ∈ relintFi.
Thus, if S is a flag simplex of P , then the associated flag (F0, . . . , Fn−1) and
the permutation σ are uniquely determined. So, given a flag simplex S, we call
(F0, . . . , Fn−1) the flag determined by S and in the sequel we always assume that
the vertices of a flag simplex S = [v0, . . . , vn] are ordered, such that
vi ∈ relintFi, for i = 0, . . . , n− 1,
and vn ∈ intP (see Figure 2).
Flag simplices may also be characterized as n-simplices that meet the relative
interior of a uniquely determined flag.
Proposition 2.3. An n-simplex S ⊂ P is a flag-simplex of P if and only if
i) for every i ∈ {0, . . . , n−1} there is a unique i-face F ∗i such that relintF ∗i ∩
S 6= ∅, and
ii) (F ∗0 , . . . , F ∗n−1) ∈ flag(P ).
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v0
v1
v2
P
S1
v0
v1
v2
P
S2
v0
v1
v2P
S3
Figure 2: The 2-simplex S1 is a flag simplex of the polygon P , but S2 and S3 are
not.
In particular, if S = [v0, . . . , vn] is a flag simplex associated with the flag (F0, . . . ,
Fn−1) ∈ flag(P ) and such that vi ∈ relintFi for i = 0, . . . n, where Fn := P , then
[v0, . . . , vi] ⊂
i⊎
j=0
relintFj (2.3)
for i = 0, . . . , n.
Proof. Let S = [v0, . . . , vn] be a flag simplex with flag (F0, . . . , Fn−1) ∈ flag(P ).
Then vi ∈ S ∩ relintFi for i = 0, . . . , n− 1 and vn ∈ intP . Thus, by Lemma 2.2,
S = [v0, . . . , vn] ⊂ conv
(
intP ∪
n−1⋃
i=0
relintFi
)
= intP unionmulti
n⊎
i=0
relintFi,
and therefore S only meets the relative interior of the i-face Fi for i = 0, . . . , n−1.
For the converse assume that S ⊂ P is an n-simplex spanned by the vertices
v0, . . . , vn and assume that S satisfies the conditions i) and ii). We set F ∗n = P .
By induction we show that there is a permutation σ of {0, . . . , n} such that vσ(i) ∈
relintF ∗i , for i = 0, . . . , n− 1 and vσ(n) ∈ intP , as by Lemma 2.2,
[vσ(0), . . . , vσ(i)] ⊂ conv(
i⋃
j=0
relintF ∗j ) =
i⊎
j=0
relintF ∗j ,
for i = 0, . . . , n. Hence, S is a flag simplex with flag (F ∗0 , . . . , F ∗n−1).
Notice that (2.3) implies that for a flag simplex S = [v0, . . . , vn], with associ-
ated (F0, . . . , Fn−1) ∈ flag(P ), the faces of S defined by
Si := [v0, . . . , vi], for i = 0, . . . , n− 1,
are i-simplices such that
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i) relintSi ⊂ relintFi, for i = 0, . . . , n− 1, and
ii) (S0, . . . , Sn−1) ∈ flag(S).
In the next proposition we establish two important properties for the set of all
flag simplices associated with a fixed flag of P .
Proposition 2.4. Let P ∈ P(Rn) and F ∈ flag(P ).
i) If S1 and S2 are two flag simplices of P associated with F, then there exists
another flag simplex S of P such that S ⊂ S1 ∩ S2.
ii) If S is a flag simplex of P associated with F, then there exists a flag simplex
T of P with S ⊂ T ⊂ P and S is a flag simplex of T .
Proof. i) Set Fn = P . For j ∈ {1, 2} let Sj = [vj0, . . . , vjn] be a flag simplex such
that vji ∈ relintFi for i = 0, . . . , n. We show by induction that for i = 0, . . . , n
we may choose
vi ∈ relint [v0, . . . , vi−1, v1i ] ∩ relint [v0, . . . , vi−1, v2i ] ⊂ relintFi.
The statement is trivial for i = 0. Assume that the statement holds true for i− 1.
Then
relint [v0, . . . , vi−1, v1i ] ∩ relint[v0, . . . , vi−1, v2i ] 6= ∅,
because [v0, . . . , vi−1] is a (i − 1)-simplex in Fi−1 ⊂ Fi \ relintFi and v1i , v2i ∈
relintFi. We define S := [v0, . . . , vn]. Then S is a flag simplex associated with F
and S ⊂ S1 ∩ S2.
ii) Let S = [v0, . . . , vn] be associated with the flag (F0, . . . , Fn−1) ∈ flag(P ).
We prove the statement by induction on n: The case n = 1 is obvious. Assume that
the statement holds true in dimension n−1. Then S ′ := [v0, . . . , vn−1] = S∩Fn−1
is a flag simplex of Fn−1 associated with the flag (F0, . . . , Fn−1). Hence, by the
induction hypothesis there exists a flag simplex T ′ = [w0, . . . , wn−1] such that S ′ ⊂
T ′ ⊂ Fn−1. Since S ′ is a flag simplex of T ′ we have vi ∈ relint [w0, . . . , wi] ∈
facei T ′, for i = 0, . . . , n− 1.
Since vn ∈ intP there is ε > 0 such that the closed ball B(vn, ε) is contained
in intP . Fix x′ ∈ intS ′ and set wn := x′ + (1 + ε)(vn − x′). We set
T := conv({wn} ∪ T ′) = [w0, . . . , wn].
Then wn ∈ B(vn, ε) ⊂ intP and since also wi ∈ relintFi for i = 0, . . . , n − 1,
we see that T is flag simplex of P associated with F and S = conv(S ′ ∪ {vn}) ⊂
conv(T ′ ∪ {vn}) ⊂ T .
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To finish the proof, we only need to verify that S is a flag simplex of T . Set
Ti = [w0, . . . , wi] for i = 0, . . . , n − 1. Then (T0, . . . , Tn−1) ∈ flag(T ) and
vi ∈ relint Ti for i = 0, . . . , n − 1 by the induction hypothesis for T ′. Thus, we
only need to show that vn ∈ intT . Since x′ ∈ relintS ′ there is δ > 0 such that
B′ := B(x′, δ) ∩ Fn−1 ⊂ S ′ and therefore
vn ∈ int conv({wn} ∪B′).
Since also conv({wn} ∪B′) ⊂ T , we conclude vn ∈ intT .
If the origin is in the interior of P ∈ P(Rn), then the polar body P ◦ is defined
by
P ◦ = {y ∈ Rn : x · y ≤ 1 for all x ∈ P}.
The polar body of an n-polytope is again an n-polytope, that is P ◦ ∈ P(Rn). If
P ⊂ Q and 0 ∈ intP , then P ◦ ⊃ Q◦, i.e., the polar map reverses inclusion. For
F ∈ face(P ) the conjugate face F̂ is defined by
F̂ = {x ∈ P ◦ : x · y = 1 for all y ∈ F} ∈ face(P ◦).
The map ̂: face(P )→ face(P ◦) is an antimorphism, i.e., a bijection that reverses
the inclusion relation (cf. [64, p. 120]). In particular, if F is a k-face of P , then F̂
is a (n− 1− k)-face of P ◦ and we haveF̂ = F (cf. [29, Thm. 2.1]). Consequently
for the face number we have fk(P ) = fn−1−k(P ◦) (cf. [29, Thm. 2.5]). For a flag
F = (F0, . . . , Fn−1) ∈ flag(P ) we define the conjugate flag by
F̂ = (F̂n−1, . . . , F̂0) ∈ flag(P ◦).
Let S be a flag simplex of P associated with (F0, . . . , Fn−1) ∈ flag(P ).
We label the vertices of S by v0, . . . , vn such that vi ∈ relintFi. Then Si :=
[v0, . . . , vi] ∈ facei(S) and, by Proposition 2.3,
Si = [v0, . . . , vi] ⊂
i⊎
j=0
relintFj ⊂ Fi, for i = 0, . . . , n. (2.4)
If 0 ∈ intS, then S◦ is an n-simplex and S◦ ⊃ P ◦. The n-simplex S◦ is determined
by the closed half-spaces H+i := {y ∈ S◦ : y · vi ≤ 1}, i.e., S◦ =
⋂n
i=0H
+
i .
Furthermore, (2.4) implies
F̂i ⊂ Ŝi = H0 ∩ · · · ∩Hi, for all i = 0, . . . , n− 1. (2.5)
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Now if T is a flag simplex of P ◦ associated with F̂, then T ⊂ P ◦ ⊂ S◦.
Furthermore, we may label the vertices w0, . . . , wn of T such that
wi ∈ relint F̂n−1−i
(2.5)⊂ relint Ŝn−1−i.
We see that T is a flag simplex of S◦ associated with the flag (Ŝn−1, . . . , Ŝ0). If
0 ∈ T , then we may apply polarity once more and find S ⊂ P ⊂ T ◦ and S is
flag simplex of T ◦ associated with the flag (Ĝn−1, . . . , Ĝ0) ∈ flag(T ◦), where
Gi = [w0, . . . , wi] ∈ facei(T ).
Lemma 2.5. If P ∈ P(Rn) and S is a flag simplex of P , then there exists an
n-simplex T ⊃ P such that S is also a flag simplex of T .
Proof. This follows from the preceding arguments, but can also be proved directly
by induction on n.
In the next lemma we show, that given a family of flag simplices there is always
a possibly smaller family of flag simplices that is pairwise disjoint.
Lemma 2.6. Let P ∈ P(Rn) and v ∈ vertP . If (T (F))F∈flagv(P ) is a family of
flag simplices such that T (F) determines the flag F, then there exists a family
(S(F))F∈flagv(P ) of flag simplices such that
i) S(F) ⊂ T (F) for all F ∈ flagv(P ), and
ii) intS(F) ∩ intS(F′) = ∅ for all F,F′ ∈ flagv(P ), F 6= F′.
Proof. Let (T ′(F))F∈flagv(P ) be the sub-family of flag simplices containing v ob-
tained from the barycenter subdivision of P . Then intT ′(F) ∩ intT ′(F′) = ∅ for
all F,F′ ∈ flagv(P ), F 6= F′. By Proposition 2.4, for each F ∈ flagv(P ) we may
choose a flag simplex S(F) such that S(F) ⊂ T (F) ∩ T ′(F). Then the sequence
(S(F))F∈flagv(P ) satisfies i) and ii).
A wedge W is the intersection of two closed half-spaces, W = H+0 ∩ H+1 .
The next lemma is crucial to conclude that the difference volume of P and Pδ is
concentrated in the flag simplices. This is proved in the next sections.
We show that the symmetric difference of two flag simplices S1 and S2 that
are associated with the same flag of an n-simplex T can be covered by special
wedges. It follows from [65, Lem. 1.4] that these wedges can be disregarded and
concentration of volume in arbitrarily small flag simplices of T will follow. See
Lemma 3.1.
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Lemma 2.7. Let T be an n-dimensional simplex with vertices z0, . . . , zn. Fur-
thermore, let S1 and S2 be two flag simplices of T associated with the flag
F = (F0, . . . , Fn−1), where Fi = [z0, . . . , zi] for all i = 0, . . . , n − 1. Then
there are wedges (Wi)n−1i=0 such that
S14S2 ⊂
n−1⋃
i=0
Wi
and the half-spaces H+i0, H
+
i1 that determine the wedge Wi = H+i0 ∩H+i1, satisfy
i) zi ∈ (intH+i0) \H+01 and zi+1 ∈ (intH+i1) \H+i0,
ii) zj ∈ Hi0 ∩Hi1 for all j ∈ {0, . . . , n} \ {i, i+ 1},
for i = 0, . . . , n− 1.
Proof. The proof is done by induction on the dimension n. The case n = 1: T ,
S1, and S2 are closed intervals and we may assume that T = [z0, z1], S1 = [z0, v1],
S2 = [z0, w1] for z0 < v1 ≤ w1 < z1. Set
H+00 = (−∞, v1], H+01 = [w1,∞),
and W0 = H+00 ∩H+01 = [v1, w1]. Then
S14S2 = (v1, w1] ⊂ W0,
and H+00, H
+
01 satisfy the condition i). Condition ii) holds true trivially.
Now let n ≥ 2 and assume that the statement holds true in dimension n − 1.
It will be sufficient to consider the standard simplex Tn with vertices e0, . . . , en,
where we set e0 := 0, since any n-simplex T can be mapped to Tn by an affine
transformation. We may also assume that the flag determined by S1 and S2 is
F = (F0, . . . , Fn−1) where Fi = [e0, e1, . . . , ei].
Let E be the affine (n−2)-dimensional plane that is spanned by e2, . . . , en. We
consider the projective transformation α that maps a point (x1, . . . , xn) ∈ Tn \ E,
i.e.,
∑n
i=2 xi < 1, to the line L spanned by e1 through E. By identifying the line L
with R, we may write α as
α
(
(x1, . . . , xn)
)
= x11−∑ni=2 xi .
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z1
z2
z0
S14S2
z1
z2
z0
z1
z2
z0 H00H01 W0 z1
z2
z0 H00H01
H11
H10
W0
W1
Figure 3: Sketches for the proof of Lemma 2.7. In the first sketch in the upper left
we see the symmetric difference of two flag simplices S1 and S2 that determine the
same flag. In the second sketch on the upper right we see the projection we use to
reduce the dimension. Finally, in the lower two pictures we see the construction of
the closed wedges W0 and W1 that cover the symmetric difference S14S2.
This means that x is a convex combination of
(α(x), 0, . . . , 0) and (0, x2, . . . , xn)∑n
i=2 xi
.
Since for x ∈ Tn \E we have ∑ni=1 xi ≤ 1, we conclude that α maps Tn \E to the
interval [0, 1]. The function α is quasilinear, that is, for any v, w ∈ Tn \E we have
min{α(v), α(w)} ≤ α((1− λ)v + λw) ≤ max{α(v), α(w)},
for all λ ∈ (0, 1). One may easily verify this by checking that λ 7→ α((1−λ)v+λw)
is monotone.
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Denote by (vi)ni=0 the vertices of S1. S1 is associated with F and therefore
we may assume e0 = v0 and vi ∈ relintFi for i = 1, . . . , n. Since relintFi =
relint[e0, . . . , ei], we conclude, for i = 1, . . . , n, that (vi)1 > 0 and
∑n
j=1(vi)j < 1,
or equivalently α(vi) ∈ (0, 1). The same argument holds true for the vertices
(wi)ni=0 of S2, i.e., α(wi) ∈ (0, 1) for i = 1, . . . , n and w0 = e0. We set
a := min
1≤i≤n
min(α(vi), α(wi)), b := max1≤i≤nmax(α(vi), α(wi)),
and note that 0 < a ≤ b < 1. Since α is quasilinear, the maximum over S1,
respectively S2, is assumed at the vertices of S1, respectively S2. This yields
max
y∈S1∪S2
α(y) ≤ b. (2.6)
Analogously, the minimum over the (n − 1)-simplex [v1, . . . , vn], respectively
[w1, . . . , wn], is assumed at some vertex and therefore
min
y∈[v1,...,vn]∪[w1,...,wn]
α(y) ≥ a.
We define H+00, respectively H
+
01, as the closed half-space that contains e0,
respectively e1, in the interior and whose boundary hyperplane is spanned by E
and be1, respectively ae1. Hence
H+00 =
{
(x1, . . . , xn) ∈ Rn :
n∑
i=2
xi ≤ 1− x1
b
}
,
H+01 =
{
(x1, . . . , xn) ∈ Rn :
n∑
i=2
xi ≥ 1− x1
a
}
.
(2.7)
Then H+00 and H
+
01 satisfy conditions i) and ii) for i = 0. We further set
W0 := H+00 ∩H+01 =
{
(x1, . . . , xn) ∈ Rn : 1− x1
a
≤
n∑
i=2
xi ≤ 1− x1
b
}
.
Clearly, W0 \ E is mapped by α to [a, b] ⊂ R. For x ∈ S1 ∩ S2 we conclude by
(2.6) that α(x) ≤ b, or equivalently x ∈ H+00. Thus
(S14S2) ∩H+01 ⊂ H+00 ∩H+01 = W0. (2.8)
Next, we set
T ′ := H01 ∩ Tn, S ′1 := H01 ∩ S1, S ′2 := H01 ∩ S2.
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Then T ′ is a (n− 1)-dimensional simplex spanned by the vertices ae1, e2, . . . , en.
Since vi, wi ∈ H+01 for i = 1, . . . , n and e0 = v0 = w0 6∈ H+01, it follows that S ′1 as
well as S ′2 are flag simplices of T
′ associated with the flagG = (G0, . . . , Gn−2) ∈
flag(T )′, where Gj = Fj+1 ∩ H01 = [ae1, e2, . . . , ej+1] for j = 0, . . . , n − 2.
Furthermore
(S14S2) \H+01 ⊂ conv({e0} ∪ (S ′14S ′2)), (2.9)
since S1 \ H+01 ⊂ conv({e0} ∪ S ′1) and S2 \ H+01 ⊂ conv({e0} ∪ S ′2). By the
induction hypothesis we obtain wedges W ′j , j = 0, . . . , n− 2, such that
S ′14S ′2 ⊂
n−2⋃
j=0
W ′j , (2.10)
and W ′j = H¯+j0 ∩ H¯+j1. For i = 1, . . . , n − 1, we define H+i0, respectively H+i1,
as the closed half-space that contains ei, respectively ei+1, and whose boundary
hyperplane is spanned by H¯(i−1)0, respectively H¯(i−1)1, and the origin e0. We easily
verify that H+i0 and H
+
i1 satisfy condition i) and ii) and set Wi := H+i0 ∩H+i1, for
i = 1, . . . , n − 1. Then conv({e0} ∪W ′i−1) ⊂ Wi and by (2.8), (2.9) and (2.10)
we conclude
S14S2 ⊂ W0 ∪ conv({e0} ∪ (S ′14S ′2)) ⊂ W0 ∪
n−1⋃
i=1
Wi.
Thus the induction step is complete and the lemma follows.
2.3 Lower and upper bounds on |flag(P )|
For P ∈ P(Rn) we have that
|flag(P )| = ∑
F∈facen−1(P )
|flag(F )| ≥ (n+ 1) min{|flag(F )| : F ∈ facen−1(P )}.
Thus, by induction, we find
|flag(P )| ≥ |flag(T )| = (n+ 1)!, (2.11)
where T is an n-dimensional simplex. For centrally symmetric convex polytopes
P it is an open conjecture by Kalai [41], that
|flag(P )| ?≥ |flag(C)| = n! 2n, (2.12)
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where C is an n-dimensional cube. Bárány and Lovász [6, Cor. 3] showed that
fn−1(P ) ≥ 2n for any simplicial centrally symmetric n-polytope P (Stanley [73]
later generalized their results), which proves Kalai’s conjecture (2.12) for simplicial,
or simple, centrally symmetric polytopes. Much less is known for general centrally
symmetric n-polytopes. The 2-dimensional case is trivial. For dimension n = 3
the famous 3n conjecture by Kalai [41] (see [63, Sec. 2] for a quick proof) gives
f0(P ) + f1(P ) + f2(P ) ≥ 33 − 1 = 26 for every centrally symmetric 3-polytope
P . This together with Euler’s polyhedral formula, f0(P ) − f1(P ) + f2(P ) = 2,
leads to
|flag(P )| = 4f1(P ) ≥ 3! 23.
Apparently, for dimension n ≥ 4 it is still an open question if the n-cube minimizes
|flag(P )| for all centrally symmetric n-polytopes. It was observed that |flag(H)| =
n! 2n holds true for any n-dimensional Hanner polytope [38] (cf. [42]). Thus,
incidentally the conjectured minimizers in Mahler’s conjecture are exactly the
same as in Kalai’s conjecture.
Remark 2.8 (Mahler’s conjecture). It is well-known that the classical affine isoperi-
metric inequality (cf. [51]), which provides an upper bound in terms of Euclidean
balls for the affine surface area, is connected to the Blaschke–Santaló inequal-
ity (cf. [50]), which gives an upper bound in terms of Euclidean balls for the
volume product of a convex body and its polar body (cf. [7, 20] and [64, Sec.
10.5]). Many extension of both inequalities were since discovered. See for instance
[23, 27, 37, 77, 71]. A lower bound for the volume product is a well-known open
conjecture by Mahler [53, 54]. For general convex bodies it states that the lower
bound of the volume product is achieved by an n-dimensional simplex and for
centrally symmetric convex bodies K, i.e., K = −K, it is conjectured that the
minimum is achieved by an n-dimensional cube or more generally by the Hanner
polytopes. The conjecture holds true in dimension two, as proved by Mahler, and
the equality cases were obtained in [57, 62]. Very recently a proof in dimension
three for the symmetric case has appeared [39]. In all other cases the conjecture is
still open and the best lower bound is given by Kuperberg [43] who improved a pre-
vious bound by Bourgain and Milman [22]. Mahler’s conjecture was also shown to
hold true for many special classes of convex bodies. We refer to [1, 21, 33, 40, 42]
and the references therein for recent expositions.
Remark 2.9 (Subdivisions and the volume product). As mentioned in the be-
ginning of subsection 2.2, a subdivision of P into a simplicial complex of flag
simplices is determined by a map SP : face(P )→ P such that SP (F ) ∈ relintF
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for all F ∈ face(P ), see (2.2). We may therefore express the volume of P by the
volume of the simplices in the subdivision, that is,
voln(P ) =
∑
F∈flag(P )
voln(S(SP ,F)).
Now, since |flag(P )| = |flag(P ◦)| and by the Cauchy–Schwarz inequality, we find
voln(P ) voln(P ◦) =
 ∑
F∈flag(P )
voln(S(SP ,F))

 ∑
F̂∈flag(P ◦)
voln(S(SP ◦ , F̂))

≥
 ∑
F∈flag(P )
voln(S(SP ,F)) 12 voln(S(SP ◦ , F̂)) 12
2
≥ |flag(P )|2 min
F∈flag(P )
voln(S(SP ,F)) voln(S(SP ◦ , F̂)),
where SP and SP ◦ are subdivision schemes for P , respectively P ◦.
A construction like this is used in [42] on Hanner polytopes to show that they
are local minimizers of the volume product. A crucial step is the observation, that
the barycenter subdivision of a Hanner polytope gives simplices of equal volume
[42, Prop. 4]. Hence, if H is a Hanner polytope, then so is the polar H◦ and
voln(H) voln(H◦) = |flagH|2 voln(S(CH ,F)) voln(S(CH◦ , F̂)),
for all F ∈ flag(H), where CH and CH◦ are the subdivision schemes given by the
centroids of the faces of H , respectively H◦.
It was proved by Figiel, Lindenstrauss and Milman [30, Thm. 3.4] that there is
an absolute constant c > 1 such that
max{f0(P ), fn−1(P )} ≥ c
√
n,
for every centrally symmetric n-polytope. A trivial lower bound is obtained by
applying (2.11) to the flags of a facet of a centrally symmetric polytope P , that is
|flag(P )| = ∑
F∈facen−1(P )
|flag(F )| ≥ n! fn−1(P ).
Since |flag(P )| = |flag(P ◦)| and fn−1(P ) = f0(P ◦), we combine these two
inequalities to conclude, that there exists a absolute constant c > 1 such that
|flag(P )| ≥ n! c
√
n,
18
for every centrally symmetric n-polytope P . Comparing this with the conjectured
lower bound by Kalai (2.12), we notice that the exponential factor is of order
√
n
instead of n.
An upper bound for the number of complete flags with respect to the number
of vertices follows by the general upper bound theorem (cf. [17, Cor. 6.6]), that is,
|flag(P )| ≤ |flagCn(f0(P ))|,
where Cn(k) is the cyclic n-polytope with k vertices, i.e., the convex hull of k
vertices chosen from the moment generating curve (t, t1, . . . , tn) ∈ Rn. The cyclic
n-polytope is simplicial and bn2 c-neighborly, see [56], hence
|flagCn(k)| = n!fn−1(Cn(k))
=
(2`)!
k
k−`
(
k−`
`
)
, if n = 2`,
2(2`+ 1)!
(
k−`−1
`
)
, if n = 2`+ 1,
(cf. [80, p. 25]). Upper bounds for the face numbers of centrally symmetric
polytopes were obtained in [9] using the symmetric moment curve introduced in
[8].
3 Results for Uniform Weights
In this section we restate parts of the original proof for the uniform case, i.e.,
ϕ ≡ ψ ≡ 1, contained in [65] in terms of flag simplices. We will build on these
results in the next section for the proof of our main Theorem 1.1. We hope that the
introduction of flag simplices will help to make the proof more transparent.
Let P ∈ P(Rn) and v ∈ vertP . Let δ > 0. We define
A+(P, v, δ) =
⋃P ∩ intH+ :
λn(P ∩ H+) ≤ δ, v ∈ intH+,
and
w 6∈ H+ for all w ∈ vertP \{v}
, (3.1)
where λn is the Lebesgue measure on Rn and H+ denotes as usual a closed half-
space ofRn. ThusA+(P, v, δ) is the union of all open halfspaces of volume smaller
or equal δ that cut off one vertex from P . Furthermore, we define
B+(P, v, w, δ) =
⋃{
P ∩ intH+ : λn(P ∩H+) ≤ δ and v, w ∈ H+
}
, (3.2)
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for v, w ∈ vertP , v 6= w. B+(P, v, w, δ) is the union of all open halfspaces of
volume smaller or equal δ that cut off at least two vertices from P . Then
P \ Pδ =
⋃{P ∩H+ : λn(P ∩H+) < δ}
=
⋃
v∈vertP
A+(P, v, δ) ∪ ⋃
v,w∈vertP
i 6=j
B+(P, v, w, δ). (3.3)
We may think of A+(P, v, δ) as the part of P \Pδ that is determined by v ∈ vertP .
The setsB+(P, v, w, δ) cover what is left after removingA+(P, v, δ) for all vertices
and are related to the part of P \ Pδ that is determined by the edge [v, w].
First we recall known facts for n-simplices.
Lemma 3.1 ([65]). Let T be an n-dimensional simplex in Rn spanned by the
vertices z0, . . . , zn. Then for all δ ∈ (0, λn(T )2 ) we have
λn(A+(T, zi, δ)) ≥ δ
nn−1
[
ln
(
λn(T )
δ
)]n−1
, (3.4)
λn(A+(T, zi, δ)) ≤ δ
nn−1
[
ln
(
nnλn(T )
δ
)]n−1
+ nδ
[
ln
(
n!λn(T )
δ
)]n−2
, (3.5)
and
lim sup
δ→0+
λn(B+(T, zi, zj, δ))
δ
(
ln 1
δ
)n−1 = 0. (3.6)
Furthermore, if H+0 is a closed half-space such that zi 6∈ H+0 , then
lim sup
δ→0+
λn(A+(T, zi, δ) ∩H+0 )
δ
(
ln 1
δ
)n−1 = 0. (3.7)
Finally, if S is a flag simplex of T such that zi ∈ S, then
lim
δ→0+
λn(S ∩ A+(T, zi, δ))
δ
(
ln 1
δ
)n−1 = 1n!nn−1 . (3.8)
Proof. The inequalities (3.4) as well as (3.5) are exactly as in [65, Lem. 1.3(i)]. In
[65, Lem. 1.3(ii)] it is stated that
λn(B+(T, zi, zj, δ)) ≤ cnδ
[
ln
(
λn(T )
δ
)]n−2
, for δ <
λn(T )
2 ,
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for a positive constant cn depending only on n. Clearly this implies (3.6).
Next we show that (3.4) implies
lim inf
δ→0+
λn(A+(T, zi, δ) ∩H+0 )
δ
(
ln 1
δ
)n−1 ≥ 1nn−1 , (3.9)
for any closed half-space H+0 with zi ∈ intH+0 . Since zi ∈ intH+0 , there is ε > 0
such that B(zi, ε) ⊂ intH+0 . Let H1 be the hyperplane spanned by the points
of the intersection of the boundary of B(zi, ε) with the segments [zi, zj] for all
j 6= i and denote by H+1 the closed half-space that contains zi in the interior.
Then T ′ := T ∩ H+1 is an n-simplex and T ′ ⊂ T ∩ H+0 . Furthermore, if H+
is a closed halfspace such that H separates zi from all other vertices of T ′, then
T ′ ∩H+ = T ∩H+ ∩H+0 and therefore A+(T ′, zi, δ) ⊂ A+(T, zi, δ) ∩H+0 . This
yields
lim inf
δ→0+
λn(A+(T, zi, δ) ∩H+0 )
δ
(
ln 1
δ
)n−1 ≥ lim inf
δ→0+
λn(A+(T ′, zi, δ))
δ
(
ln 1
δ
)n−1 (3.4)≥ 1nn−1 .
Next, if zi 6∈ H+0 , then zi ∈ intH−0 and by (3.5) and (3.9) we conclude
lim sup
δ→0+
λn
(
A+(T, zi, δ)∩H+0
)
δ
(
ln 1
δ
)n−1 ≤ lim sup
δ→0+
λn
(
A+(T, zi, δ)
)
−λn
(
A+(T, zi, δ)∩H−0
)
δ
(
ln 1
δ
)n−1
≤ 1
nn−1
− 1
nn−1
= 0.
Thus (3.7) follows.
Finally, to prove (3.8) we first note that it is sufficient to consider the standard
simplex Tn spanned by 0, e1, . . . , en. We denote by Sid the flag simplex spanned
by the vertices 0, w1, . . . , wn, where wi = 12i
∑i
k=1 ek. Let Σ(n) be the set of
permutations of {1, . . . , n}. For σ ∈ Σ(n) there is an orthogonal transformation
ασ ∈ O(n) such that ασ(ei) = eσ(i). We set Sσ := ασ(Sid). Then
i) intSσ ∩ intSσ′ = ∅ for all σ 6= σ′, and
ii) 12Tn =
⋃{Sσ : σ ∈ Σ(n)}.
We have
λn
(
Sid ∩ A+(Tn, 0, δ)
)
= 1|Σ(n)|
∑
σ∈Σ(n)
λn
(
Sσ ∩ A+(Tn, 0, δ)
)
= 1
n!λn
(1
2Tn ∩ A
+(Tn, 0, δ)
)
.
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This yields
lim inf
δ→0+
λn
(
Sid∩A+(Tn, 0, δ)
)
δ
(
ln 1
δ
)n−1 = 1n! lim infδ→0+ λn
(
1
2Tn∩A+(Tn, 0, δ)
)
δ
(
ln 1
δ
)n−1 (3.9)≥ 1n!nn−1
(3.10)
and
lim sup
δ→0+
λn
(
Sid∩A+(Tn, 0, δ)
)
δ
(
ln 1
δ
)n−1 = 1n! lim supδ→0+
λn
(
1
2Tn∩A+(Tn, 0, δ)
)
δ
(
ln 1
δ
)n−1 (3.5)≤ 1n!nn−1
(3.11)
Now assume that S is a flag simplex that is associated with the same flag as Sid. By
Lemma 2.7 there is a sequence of wedges (Wi)n−1i=0 such that
⋃n−1
i=0 Wi ⊃ S4Sid
and
lim sup
δ→0+
λn(Wi ∩ A+(Tn, 0, δ))
δ
(
ln 1
δ
)n−1 = 0,
for i = 0, . . . , n− 1, by [65, Lem. 1.4]. Hence
lim sup
δ→0+
λn
(
(Sid4S)∩A+(Tn, 0, δ)
)
δ
(
ln 1
δ
)n−1 ≤ lim sup
δ→0+
n∑
i=0
λn
(
Wi∩A+(Tn, 0, δ)
)
δ
(
ln 1
δ
)n−1 = 0.
(3.12)
By (3.11) and (3.12), we derive
lim sup
δ→0+
λn(S ∩ A+(Tn, 0, δ))
δ
(
ln 1
δ
)n−1
≤ lim sup
δ→0+
λn
(
Sid∩A+(Tn, 0, δ)
)
+λn
(
(Sid4S)∩A+(Tn, 0, δ)
)
δ
(
ln 1
δ
)n−1 ≤ 1n!nn−1 ,
and by (3.10) and (3.12), we obtain
lim inf
δ→0+
λn(S ∩ A+(Tn, 0, δ))
δ
(
ln 1
δ
)n−1
≥ lim inf
δ→0+
λn
(
Sid∩A+(Tn, 0, δ)
)
−λn
(
(Sid4S)∩A+(Tn, 0, δ)
)
δ
(
ln 1
δ
)n−1 ≥ 1n!nn−1 ,
Thus (3.8) follows.
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The following concentration result is implicitly contained in the proof presented
in [65]. It states that the volume of P \ Pδ is concentrated in the union of the flag
simplices.
Theorem 3.2. For P ∈ P(Rn) and any family (S(F))F∈flag(P ) of flag simplices,
where S(F) is associated with F, we have
lim
δ→0+
λn
(
(P \ Pδ) \ ⋃{S(F) : F ∈ flag(P )})
δ
(
ln 1
δ
)n−1 = 0.
For the reader’s convenience we include the proof of Theorem 3.2. The first
step is the following lemma.
Lemma 3.3. Let T be an n-simplex and let v ∈ vertT . For any family of flag
simplices (S(F))F∈flagv(T ), where S(F) is associated with the flag F, we have
lim sup
δ→0+
λn
(
A+(T, v, δ) \ ⋃{S(F) : F ∈ flagv(T )})
δ
(
ln 1
δ
)n−1 = 0.
Proof. By Lemma 2.6, given a family (S(F))F∈flag(T ) of flag simplices there
always exists a family (S ′(F))F∈flag(T ) that is disjoint and such that S ′(F) ⊂ S(F).
Hence, without loss of generality, we may assume that (S(F))F∈flag(T ) is a disjoint
family of flag simplices, that is, intS(F) ∩ intS(F′) = ∅, for F 6= F′. Then
λn
(
A+(T, v, δ) \⋃{S(F) : F ∈ flagv(T )})
= λn
(
A+(T, v, δ)
)
− ∑
F∈flagv(T )
λn
(
S(F) ∩ A+(T, v, δ)
)
.
By (3.5), (3.8) and since |flagv(T )| = n!, we conclude
lim sup
δ→0+
λn
(
A+(T, v, δ) \ ⋃{S(F) : F ∈ flagv(T )})
δ
(
ln 1
δ
)n−1
≤ lim sup
δ→0+
λn(A+(T, v, δ))
δ
(
ln 1
δ
)n−1 − ∑
F∈flagv(T )
lim inf
δ→0+
λn(S(F) ∩ A+(T, v, δ))
δ
(
ln 1
δ
)n−1
= 1
nn−1
− |flagv(T )|
n!nn−1 = 0.
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It is easy to improve Lemma 3.3 by combining (3.3) with (3.6).
Corollary 3.4. Let T be an n-simplex. For any family (S(F))F∈flag(T ) of flag
simplices, where S(F) is associated with the flag F, we have
lim sup
δ→0+
λn
(
(T \ Tδ) \ ⋃{S(F) : F ∈ flag(T )})
δ
(
ln 1
δ
)n−1 = 0.
We are now ready to prove Theorem 3.2. For any subdivison (S(F))F∈flag(P )
of P , we construct flag simplices S ′(F) and T (F) such that S ′(F) ⊂ S(F) ⊂
T (F) ⊂ P . Then we apply Corollary 3.4 to T (F) and the concentration statement
follows for S ′(F) and hence for S(F). The argument is slightly more complicated,
because in general we may not assume that (S(F))F∈flag(P ) is a subdivision of
P . To remedy this, we introduce the barycenter subdivision of P . But the same
argument will work for any simplex subdivision.
Proof of Theorem 3.2. For a polytope P ∈ P(Rn) the barycenter subdivision
gives a family of flag simplices S¯(F) associated with F ∈ flag(P ), such that
int S¯(F) ∩ int S¯(F′) = ∅ if F 6= F′ and
P =
⋃
F∈flag(P )
S¯(F).
By Proposition 2.4 ii), for any flag simplex S¯(F), we can choose a flag simplex
T (F) of P associated with F such that
i) S¯(F) ⊂ T (F) ⊂ P and
ii) S¯(F) is a flag simplex of T (F).
Since T (F) ⊂ P we have T (F)δ ⊂ Pδ and therefore
S¯(F) \ Pδ ⊂ S¯(F) \ T (F)δ,
for each F ∈ flag(P ). Hence
λn
(
(P \ Pδ) \
⋃{S(G) : G ∈ flag(P )}) ≤ ∑
F∈flag(P )
λn
(
(S¯(F) \ Pδ) \ S(F)
)
≤ ∑
F∈flag(P )
λn
(
(S¯(F) \ T (F)δ) \ S(F)
)
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By Proposition 2.4 i), there is flag simplex S ′(F) of P associated with F such
that S ′(F) ⊂ S¯(F) ∩ S(F) and therefore S ′(F) is also a flag simplex of T (F)
associated with the same flag as S¯(F). Hence
lim sup
δ→0+
λn
(
(S¯(F) \ T (F)δ) \ S(F)
)
δ
(
ln 1
δ
)n−1 ≤ lim sup
δ→0+
λn
(
(S¯(F) \ T (F)δ) \ S ′(F)
)
δ
(
ln 1
δ
)n−1 =0,
by Corollary 3.4, because S¯(F) and S ′(F) are flag simplices of T (F) associated
with the same flag. This concludes the proof of the theorem.
4 Proof of the Main Theorem 1.1
First, let us prove some obvious bounds for the left-hand side of (1.2). We set
c := minx∈P ϕ(x) and C := maxx∈P ϕ(x). Since ϕ : P → (0,∞) is continuous
and P is compact we have c > 0. Furthermore, c ≤ ϕ(x) ≤ C for all x ∈ P and
therefore,
Pδ/c ⊂ Pϕδ ⊂ Pδ/C , (4.1)
for all δ > 0 small enough. By (0.2), this yields
lim sup
δ→0+
Ψ(P )−Ψ
(
Pϕδ
)
δ
(
ln 1
δ
)n−1 ≤ (maxx∈P ψ(x)
)
lim sup
δ→0+
λn(P )− λn
(
Pδ/c
)
δ
(
ln 1
δ
)n−1
= maxx∈P ψ(x)minx∈P ϕ(x)
|flag(P )|
n!nn−1 ,
and
lim inf
δ→0+
Ψ(P )−Ψ(Pϕδ )
δ
(
ln 1
δ
)n−1 ≥ minx∈P ψ(x)maxx∈P ϕ(x) |flag(P )|n!nn−1 .
We prove Theorem 1.1 in two steps: In Proposition 4.1 we show that Ψ(P \Pϕδ )
is concentrated in the flag simplices and in Theorem 4.2 we calculate the limit for
a fixed flag simplex.
The fact that Ψ(P \Pϕδ ) is concentrated in the flag simplices of P follows from
the result for uniform measures, Theorem 3.2, by bounding the weight ψ from
above and the weight ϕ from below by positive constants.
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Proposition 4.1 (Flag-Simplex Concentration). Let P ∈ P(Rn) and let ϕ, ψ :
P → (0,∞) be continuous. For any family (S(F))F∈flag(P ) of flag simplices of P ,
where S(F) is associated with F, we have
lim sup
δ→0+
Ψ
(
(P \ Pϕδ ) \
⋃{S(F) : F ∈ flag(P )})
δ
(
ln 1
δ
)n−1 = 0.
Proof. We set c := minx∈P ϕ(x). Then c > 0 since ϕ is continuous and positive
and P is compact. By (4.1) we have P \ Pϕδ ⊂ P \ Pδ/c and therefore
Ψ
(
(P \ Pϕδ ) \
⋃{S(F) : F ∈ flag(P )})
≤
(
max
x∈P
ψ(x)
)
λn
(
(P \ Pδ/c) \
⋃{S(F) : F ∈ flag(P )}).
Thus the statement follows by Theorem 3.2.
We now proceed to the second step, that is, finding the limit for a fixed flag
simplex S of P .
Proposition 4.2 (Flag-Simplex Limit). Let P ∈ P(Rn) and let ϕ, ψ : P → (0,∞)
be continuous. For v ∈ vertP and a flag simplex S of P with v ∈ S, we have
lim
δ→0+
Ψ(S \ Pϕδ )
δ
(
ln 1
δ
)n−1 = 1n!nn−1 ψ(v)ϕ(v) .
We prove this proposition by first considering n-simplices T instead of general
polytopes P . In fact, by proving the proposition for the standard simplex Tn with
vertices e0, e1, . . . , en, we immediately see that the statement holds true for general
n-simplices T by the following argument: There is an affine transformation α such
that α(T ) = Tn. We denote by α#Φ the push-forward measure of Φ by α, i.e., for
all Borel measurable sets A we have
α#Φ(A) = Φ(α−1(A)) =
∫
A
ϕ(α−1(x))
|detα| dλn(x).
We see that α#Ψ(A) is absolutely continuous with respect to λn and the density
function is given by d(α#Φ)dλn (x) =
ϕ(α−1(x))
|detα| . Set ϕ˜ :=
ϕ◦α−1
|detα| and ψ˜ :=
ψ◦α−1
|detα| . Then
ϕ˜, ψ˜ are positive and continuous functions on α(T ) = Tn and
α(Tϕδ ) =
⋂{
α(T ∩H−) : Φ(T ∩H+) ≤ δ
}
=
⋂{
Tn ∩H− : α#Φ(Tn ∩H+) ≤ δ
}
= (Tn)ϕ˜δ .
(4.2)
26
Once we prove Proposition 4.2 for the standard simplex Tn with positive and
continuous weight functions we may conclude
lim
δ→0+
Ψ(S \ Tϕδ )
δ
(
ln 1
δ
)n−1 = lim
δ→0+
α#Ψ
(
α(S) \ (Tn)ϕ˜δ
)
δ
(
ln 1
δ
)n−1 = 1n!nn−1 ψ˜(α(v))ϕ˜(α(v)) = 1n!nn−1 ψ(v)ϕ(v) ,
and therefore Proposition 4.2 will also hold true for general n-simplices T .
For ε ∈ (0, 1] and i = 0, . . . , n, we put
A+ϕ (εTn, εei, δ) :=
⋃{
εTn ∩ intH+ : Φ(εTn ∩H
+) ≤ δ, εei ∈ intH+
and εej 6∈ H+ for j 6= i
}
.
For ϕ ≡ 1 we obtain the same sets as in (3.1). Set again c := minx∈Tn ϕ(x). Then
cλn(Tn ∩H+) ≤ Φ(Tn ∩H+)
and therefore
A+ϕ (Tn, ei, δ) ⊂ A+(Tn, ei, δ/c). (4.3)
Furthermore, for ε ∈ (0, 1], we have
A+ϕ (Tn, e0, δ) ⊃ A+ϕ (εTn, e0, δ). (4.4)
This holds as for any half-space H+ such that e0 ∈ intH+ and εei 6∈ H+ for
i = 1, . . . , en we have H+ ∩ Tn = H+ ∩ εTn and ei 6∈ H+ for i = 1, . . . , n.
We set
ϕ−ε (e0) := min
x∈εTn
ϕ(x) and ϕ+ε (e0) := max
x∈εTn
ϕ(x).
Then
ϕ−ε (e0)λn(εTn ∩H+) ≤ Φ(εTn ∩H+) ≤ ϕ+ε (e0)λn(εTn ∩H+),
which yields
A+(εTn, e0, δ/ϕ+ε (e0)) ⊂ A+ϕ (εTn, e0, δ) ⊂ A+(εTn, e0, δ/ϕ−ε (e0)) (4.5)
We will also use the sets
B+ϕ (Tn, ei, εej, δ) :=
⋃{
Tn ∩ intH+ : Φ(Tn ∩H+) ≤ δ and ei, εej ∈ H+
}
,
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for ε ∈ (0, 1] and i, j = 0, . . . , n, i 6= j. For ϕ ≡ 1 and ε = 1 we obtain the same
sets as in (3.2). As with (4.3), we find
B+ϕ (Tn, ei, ej, δ) ⊂ B+(Tn, ei, ej, δ/c), (4.6)
for i, j = 0, . . . , n, i 6= j. Also, for i = 1, . . . , n, we have
(εTn) ∩B+ϕ (Tn, e0, εei, δ) ⊂ B+(εTn, e0, εei, δ/c), (4.7)
because ifH+ is a halfspace that contains the segment [e0, εei] and satisfies Φ(H+∩
Tn) ≤ δ, then
δ ≥ Φ(H+ ∩ Tn) ≥ Φ(H+ ∩ εTn) ≥ cλn(H+ ∩ εTn).
To establish Proposition 4.2 for Tn, we first prove the following upper bound.
Lemma 4.3. Let Tn be the standard simplex in Rn with vertices e0, . . . , en and
let ϕ, ψ : Tn → (0,∞) be continuous. If H+0 is a closed half-space such that
e0 ∈ intH+ and ei 6∈ H+ for i = 1, . . . , n, then
lim sup
δ→0+
Ψ
(
(H+0 ∩ Tn) \ (Tn)ϕδ
)
δ
(
ln 1
δ
)n−1 ≤ 1nn−1 ψ(e0)ϕ(e0) .
Proof. First note that, analogous to (3.3), we have
Tn \ (Tn)ϕδ =
n⋃
i=0
A+ϕ (Tn, ei, δ) ∪
n⋃
i,j=0
i 6=j
B+ϕ (Tn, ei, ej, δ). (4.8)
We set again c := minx∈Tn ϕ(x). By (3.6) and (4.6),
lim sup
δ→0+
Ψ
(
H+0 ∩B+ϕ (Tn, ei, ej, δ)
)
δ
(
ln 1
δ
)n−1 ≤ lim sup
δ→0+
Ψ
(
B+ϕ (Tn, ei, ej, δ)
)
δ
(
ln 1
δ
)n−1
≤
(
max
x∈P
ψ(x)
)
lim sup
δ→0+
λn
(
B+(Tn, ei, ej, δ/c)
)
δ
(
ln 1
δ
)n−1 = 0,
(4.9)
for i, j = 0, . . . , n, i 6= j. By (3.7) and (4.3)
lim sup
δ→0+
Ψ
(
H+0 ∩A+ϕ (Tn, ei, δ)
)
δ
(
ln 1
δ
)n−1 ≤(maxx∈P ψ(x)
)
lim sup
δ→0+
λn
(
H+0 ∩A+(Tn, ei, δc )
)
δ
(
ln 1
δ
)n−1 =0,
(4.10)
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for i = 1, . . . , n. By (4.8), (4.9) and (4.10) we conclude
lim sup
δ→0+
Ψ((H+0 ∩ Tn) \ (Tn)ϕδ )
δ
(
ln 1
δ
)n−1 ≤ lim sup
δ→0+
Ψ(H+0 ∩ A+ϕ (Tn, e0, δ))
δ
(
ln 1
δ
)n−1 . (4.11)
Now let ε ∈ (0, 1) be arbitrary and set
ϕ−ε (e0) := min
x∈εTn
ϕ(x), ϕ+ε (e0) := max
x∈εTn
ϕ(x),
ψ−ε (e0) := min
x∈εTn
ψ(x), ψ+ε (e0) := max
x∈εTn
ψ(x).
Then, for any Borel A ⊂ εTn,
ϕ−ε (e0)λn(A) ≤ Φ(A) ≤ ϕ+ε (e0)λn(A),
ψ−ε (e0)λn(A) ≤ Ψ(A) ≤ ψ+ε (e0)λn(A).
(4.12)
If H+ is a hyperplane such that e0 ∈ intH+, then either εei 6∈ H+ for all
i ∈ {1, · · ·n}, in which case H+ ∩ Tn = H+ ∩ εTn, or there is at least one
i ∈ {1, . . . , n} such that [e0, εei] ∈ H+. Hence
(εTn) ∩ A+ϕ (Tn, e0, δ) ⊂ A+ϕ (εTn, e0, δ) ∪
n⋃
i=1
(εTn) ∩B+ϕ (Tn, e0, εei, δ)
(4.7)⊂ A+ϕ (εTn, e0, δ) ∪
n⋃
i=1
B+(εTn, e0, εei, δ/c).
We therefore define the sets
A+(ε) := A+ϕ (εTn, e0, δ),
B+i (ε) := B+(εTn, e0, εei, δ/c), for i = 1, . . . , n,
C+(ε) := A+ϕ (Tn, e0, δ) \ (εTn).
Then
H+0 ∩ A+ϕ (Tn, e0, δ) ⊂ A+ϕ (Tn, e0, δ) ⊂ A+(ε) ∪
n⋃
i=1
B+i (ε) ∪ C+(ε). (4.13)
29
We have A+(ε) ⊂ εTn and therefore
Ψ(A+(ε))
(4.12)≤ ψ+ε (e0)λn(A+ϕ (εTn, e0, δ))
(4.5)≤ ψ+ε (e0)λn(A+(εTn, e0, δ/ϕ−ε (e0)))
(4.4)≤ ψ+ε (e0)λn(A+(Tn, e0, δ/ϕ−ε (e0)))
(3.5)≤ ψ
+
ε (e0)
ϕ−ε (e0)
 δ
nn−1
ln
(
nnϕ−ε (e0)
n!δ
)n−1
+ nδ ln
(
ϕ−ε (e0)
δ
)n−2.
Hence
lim sup
δ→0+
Ψ(A+(ε))
δ
(
ln 1
δ
)n−1 ≤ 1nn−1 ψ
+
ε (e0)
ϕ−ε (e0)
. (4.14)
For B+i (ε) we have
lim sup
δ→0+
Ψ(B+i (ε))
δ
(
ln 1
δ
)n−1 (4.7)≤ (maxx∈P ψ(x)
)
lim sup
δ→0+
λn(B+(εTn, e0, εei, δ/c))
δ
(
ln 1
δ
)n−1 (3.6)= 0.
(4.15)
Finally, for C+(ε) we find
C+(ε) = A+ϕ (Tn, e0, δ) \ (εTn)
(4.3)⊂ A+(Tn, e0, δ/c) \ (εTn),
which yields
lim sup
δ→0+
Ψ(C+(ε))
δ
(
ln 1
δ
)n−1 ≤ (maxx∈P ψ(x)
)
lim sup
δ→0+
λn(A+(Tn, e0, δ/c) \ (εTn))
δ
(
ln 1
δ
)n−1 (3.7)= 0.
(4.16)
Combining (4.14), (4.15) and (4.16) with (4.11) and (4.13), we conclude
lim sup
δ→0+
Ψ
(
(H+0 ∩ Tn) \ (Tn)ϕδ
)
δ
(
ln 1
δ
)n−1 ≤ 1nn−1 ψ
+
ε (e0)
ϕ−ε (e0)
.
Since ε ∈ (0, 1) was arbitrary and since ψ and ϕ are continuous in e0, we have
lim sup
δ→0+
Ψ
(
(H+0 ∩ Tn) \ (Tn)ϕδ
)
δ
(
ln 1
δ
)n−1 ≤ 1nn−1 lim infε→0+ ψ
+
ε (e0)
ϕ−ε (e0)
= 1
nn−1
ψ(e0)
ϕ(e0)
,
which concludes the proof.
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Proof of Proposition 4.2. Since S is a flag simplex of P with v ∈ vertP there is
a uniquely determined flag F ∈ flagv(P ) such that S is associated to F. First we
show, that we may reduce the problem from P to an n-dimensional simplex T . By
Lemma 2.5 there is an n-simplex Tu such that
i) P ⊂ Tu,
ii) S is a flag simplex of Tu.
By Urysohn’s Lemma (or equivalently Tietze’s extension theorem), we may choose
a continuous extension ϕ˜ : Tu → (0,∞) of ϕ from P to Tu, i.e., we have ϕ˜(x) =
ϕ(x) for x ∈ Tu∩P . Then Φ(H+∩P ) ≤ Φ˜(H+∩Tu) and therefore Pϕδ ⊂ (Tu)ϕ˜δ ,
which yields
lim inf
δ→0+
Ψ(S \ Pϕδ )
δ
(
ln 1
δ
)n−1 ≥ lim inf
δ→0+
Ψ
(
S \ (Tu)ϕ˜δ
)
δ
(
ln 1
δ
)n−1 .
Conversely, by Proposition 2.4 ii), there is a flag simplex T` of P associated with
F such that
i) S ⊂ T` ⊂ P ,
ii) S is a flag simplex of T`.
Then Φ(H+ ∩ P ) ≥ Φ(H+ ∩ T`) and therefore Pϕδ ⊃ (T`)ϕδ , which yields
lim sup
δ→0+
Ψ(S \ Pϕδ )
δ
(
ln 1
δ
)n−1 ≤ lim sup
δ→0+
Ψ(S \ (T`)ϕδ )
δ
(
ln 1
δ
)n−1 .
Hence, it is sufficient to prove the proposition for n-simplices T and a associated
flag simplex S, because then
lim
δ→0+
Ψ(S \ (T`)ϕδ )
δ
(
ln 1
δ
)n−1 = 1n!nn−1 ψ(v)ϕ(v) = limδ→0+ Ψ
(
S \ (Tu)ϕ˜δ
)
δ
(
ln 1
δ
)n−1 ,
where v is the vertex of P that is uniquely determined by S.
In fact, using an affine transformation and arguing as in (4.2), we may further
reduce the problem to the standard simplex Tn. So assume that T = Tn, that
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ϕ, ψ : Tn → (0,∞) are continuous and that S is a flag simplex of Tn with
v = e0 ∈ S. Proposition 4.2 will follow once we show
lim
δ→0+
Ψ(S \ (Tn)ϕδ )
δ
(
ln 1
δ
)n−1 = 1n!nn−1 ψ(e0)ϕ(e0) .
First we prove a lower bound for an arbitrary ε ∈ (0, 1). With the same notation
as in the proof of Lemma 4.3, we have
Tn \ (Tn)ϕδ
(4.8)⊃ A+ϕ (Tn, e0, δ)
(4.4)⊃ A+ϕ (εTn, e0, δ)
(4.5)⊃ A+(εTn, e0, δ/ϕ+ε (e0)),
and by (4.12), we conclude
Ψ(S \ (Tn)ϕδ ) ≥ ψ−ε (e0)λn
(
(S ∩ A+(εTn, e0, δ/ϕ+ε (e0))
)
.
By (3.8), this yields
lim inf
δ→0+
Ψ(S \ (Tn)ϕδ )
δ
(
ln 1
δ
)n−1 ≥ 1n!nn−1 ψ
−
ε (e0)
ϕ+ε (e0)
.
Since ε ∈ (0, 1) was arbitrary, we obtain
lim inf
δ→0+
Ψ(S \ (Tn)ϕδ )
δ
(
ln 1
δ
)n−1 ≥ 1n!nn−1 ψ(e0)ϕ(e0) . (4.17)
To prove the upper bound we use a symmetrization of ϕ and ψ in the following
way: As in the proof of (3.8) in Lemma 3.1 we consider the set Σ(n) of all
permutations σ of the integers {1, . . . , n}. For σ ∈ Σ(n) there is an orthogonal
transformation ασ such that ασ(ei) = eσ(i). In particular ασ(Tn) = Tn and
ασ(e0) = e0. We define ϕ˜, ψ˜ : Tn → (0,∞) by
ϕ˜(x) := min
σ∈Σ(n)
ϕ(ασ(x)), ψ˜(x) := max
σ∈Σ(n)
ψ(ασ(x)).
Then ϕ˜ and ψ˜ are continuous and
i) ϕ˜ ≤ ϕ and ψ ≤ ψ˜,
ii) for all σ ∈ Σ(n), ϕ˜ ◦ ασ = ϕ˜ and ψ˜ ◦ ασ = ψ˜, and
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iii) ϕ˜(e0) = ϕ(e0) and ψ˜(e0) = ψ(e0).
We denote by Sid the simplex that has vertices 0, z1, . . . , zn, where
zi :=
1
i
i∑
k=1
ek, for i = 1, . . . , n,
and we set Sσ := ασ(Sid), for σ ∈ Σ(n). Then (Sσ)σ∈Σ(n) dissects Tn, i.e.,
intSσ ∩ intSσ′ = ∅ if σ 6= σ′ and
Tn =
⋃
σ∈Σ(n)
Sσ.
Since S is a flag simplex of Tn with e0 ∈ S, we may assume that S determines the
flag F = (F0, . . . , Fn−1) where
Fi := [e0, . . . , ei], for i = 0, . . . , n− 1.
Now fix ε ∈ (0, 1). We have
S \ (Tn)ϕδ ⊂ [(εSid) \ (Tn)ϕδ ]
unionmulti [(εTn) ∩ (S \ (Tn)ϕδ ) \ (εSid)]
unionmulti [(S \ (Tn)ϕδ ) \ (εTn)].
(4.18)
Since S and εSid are flag simplices of Tn associated with the same flag, we conclude
with Theorem 4.1 that
lim sup
δ→0+
Ψ
(
(εTn) ∩ (S \ (Tn)ϕδ ) \ (εSid)
)
δ
(
ln 1
δ
)n−1 ≤ lim sup
δ→0+
Ψ
(
(S \ (Tn)ϕδ ) \ (εSid)
)
δ
(
ln 1
δ
)n−1 =0,
and
lim sup
δ→0+
Ψ
(
(S \ (Tn)ϕδ ) \ (εTn)
)
δ
(
ln 1
δ
)n−1 ≤ lim sup
δ→0+
Ψ
(
(S \ (Tn)ϕδ ) \ (εSid)
)
δ
(
ln 1
δ
)n−1 = 0.
Thus, (4.18) gives
lim sup
δ→0+
Ψ(S \ (Tn)ϕδ )
δ
(
ln 1
δ
)n−1 ≤ lim sup
δ→0+
Ψ((εSid) \ (Tn)ϕδ )
δ
(
ln 1
δ
)n−1 . (4.19)
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Finally, since ϕ˜ ≤ ϕ and ψ ≤ ψ˜, we have
Ψ((εSid) \ (Tn)ϕδ ) ≤ Ψ˜((εSid) \ (Tn)ϕ˜δ )
= 1|Σ(n)|
∑
σ∈Σ(n)
Ψ˜((εSσ) \ (Tn)ϕ˜δ ) =
1
n! Ψ˜((εTn) \ (Tn)
ϕ˜
δ ). (4.20)
By Lemma 4.3, this yields
lim sup
δ→0+
Ψ(S \ (Tn)ϕδ )
δ
(
ln 1
δ
)n−1 (4.19)≤ lim sup
δ→0+
Ψ((εSid) \ (Tn)ϕδ )
δ
(
ln 1
δ
)n−1
(4.20)≤ 1
n! lim supδ→0+
Ψ˜((εTn) \ (Tn)ϕ˜δ )
δ
(
ln 1
δ
)n−1
≤ 1
n!nn−1
ψ˜(e0)
ϕ˜(e0)
= 1
n!nn−1
ψ(e0)
ϕ(e0)
.
This, together with (4.17), implies
lim
δ→0+
Ψ(S \ (Tn)ϕδ )
δ
(
ln 1
δ
)n−1 = 1n!nn−1 ψ(e0)ϕ(e0) ,
which concludes the proof.
The proof of our main Theorem 1.1 follows by combining the concentration in
flag simplices, Proposition 4.1, with the limit theorem for flag simplices, Proposi-
tion 4.2.
Proof of Theorem 1.1. Let (S(F))F∈flag(P ) be a family flag simplices of P such
that S(F) is associated with F. By Lemma 2.6 we may further assume that
intS(F) ∩ intS(F′) = ∅, if F 6= F′. Then, by Proposition 4.2,
lim inf
δ→0+
Ψ
(
P \ Pϕδ
)
δ
(
ln 1
δ
)n−1 ≥ ∑
F∈flag(P )
lim inf
δ→0+
Ψ
(
S(F) \ Pϕδ
)
δ
(
ln 1
δ
)n−1 = 1n!nn−1 ∑F∈flag(P )
ψ(vF)
ϕ(vF)
,
(4.21)
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where vF ∈ vertP is the vertex associated with F. Also
lim sup
δ→0+
Ψ(P \ Pϕδ )
δ
(
ln 1
δ
)n−1 ≤ ∑
F∈flag(P )
lim sup
δ→0+
Ψ(S(F) \ Pϕδ )
δ
(
ln 1
δ
)n−1
+ lim sup
δ→0+
Ψ
(
(P \ Pϕδ ) \
⋃{S(F) : F ∈ flag(P )})
δ
(
ln 1
δ
)n−1 .
By Proposition 4.1, we have
lim sup
δ→0+
Ψ
(
(P \ Pϕδ ) \
⋃{S(F) : F ∈ flag(P )})
δ
(
ln 1
δ
)n−1 = 0,
and therefore, again by Proposition 4.2, we conclude
lim sup
δ→0+
Ψ(P \ Pϕδ )
δ
(
ln 1
δ
)n−1 ≤ 1n!nn−1 ∑F∈flag(P )
ψ(vF)
ϕ(vF)
. (4.22)
Now (4.21) and (4.22) yield
lim
δ→0+
Ψ(P \ Pϕδ )
δ
(
ln 1
δ
)n−1 = ∑
v∈vertP
ψ(v)
ϕ(v)
|flagv(P )|
n!nn−1 .
5 Applications
We now apply our main Theorem 1.1 to spherical and hyperbolic polytopes. As
a general reference for spherical and hyperbolic spaces and in particular convex
polytopes in these spaces we refer to [61, Ch. 6.3].
5.1 Spherical polytopes
Let Sn be the Euclidean unit sphere in Rn+1. A proper spherical polytope P is the
convex hull of a finite set of vertices contained in an open halfsphere. Equivalently,
P ⊂ Sn is a proper spherical convex polytope, if and only if posP := {λv : λ ≥
0, v ∈ P} is a closed convex polyhedral cone that contains no line through the
origin, i.e., is pointed.
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The floating body of a spherical polytope P is defined by
P sδ :=
⋂{
H+ ∩ P : volsn(H− ∩ P ) ≤ δ
}
(5.1)
where volsn is the spherical Lebesgue measure and H± are the closed halfspheres
bounded by the hypersphere H (cf. [13]).
Fix e ∈ Sn. Given a proper spherical convex polytope P , we may assume
without loss of generality that P ⊂ S+e := {v ∈ Sn : v · e > 0}. The central
projection g : S+e → Te Sn of S+e to the tangent hyperplane Te Sn ∼= Rn of Sn in e
is also called gnomonic projection,
g(x) = x
x · e − e,
(cf. [12]). It maps proper spherical convex polytopes in S+e to Euclidean convex
polytopes in Rn. Furthermore, the push-forward of the spherical Lebesgue measure
restricted to S+e is absolutely continuous with respect to the Lebesgue measure on
Rn and the density is given by
ϕs(x) = (1 + ‖x‖2)−n+12 , ∀x ∈ Rn .
That is, for a Borel set A ⊂ S+e , we have volsn(A) =
∫
g(A) ϕ
s(x) dx.
Finally, the spherical floating body P sδ is mapped to the weighted floating body
g(P )ϕ
s
δ and therefore we may apply our main Theorem 1.1 to obtain the following
Theorem 5.1. Let P be an n-dimensional spherical convex polytope in Sn that is
contained in an open halfsphere. Then
lim
δ→0+
volsn(P )− volsn(P sδ )
δ
(
ln 1
δ
)n−1 = |flag(P )|n!nn−1 .
More generally P ⊂ Sn may be called a spherical polytope (or spherical
polyhedra) if either
i) P is contained in an open halfsphere (proper spherical polytope), or
ii) P is a great k-sphere of Sn, or
iii) P is a k-lune, that is, P is the convex hull of a great k-sphere L and a proper
spherical polytope Q ⊂ L◦.
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Here L◦ is the great (n− k − 1)-sphere that is polar to L (compare also [61, Thm.
6.3.16]). If P is a k-sphere, then volsn(P ) = 0 and therefore we cannot define
a spherical floating body of P . However, for k-lunes P the Definition (5.1) still
applies and we may consider the volume difference between P and P sδ .
For instance, (n − 1)-lunes are closed halfspheres and for the halfsphere S+e
the spherical floating body of S+e is a geodesic ball with center e and radius
α = pi2 −
2piδ
volsn(Sn)
.
To see this, we just note that for the intersection of two closed halfspheres S+e and
S+v , we have
volsn(S+e ∩S+v ) =
volsn(Sn)
2
(
1− d(e, v)
pi
)
,
where d(e, v) is the angle between e and v. Hence
volsn(S+e )−volsn((S+e )sδ)=volsn−1(Sn−1)
pi
2∫
α
(sin t)n−1 dt= vol
s
n−1(Sn−1)
volsn(Sn)
2piδ+o(δ),
as δ → 0+. We conclude
lim
δ→0+
volsn(S+e )− volsn((S+e )sδ)
δ
= 2pi vol
s
n−1(Sn−1)
volsn(Sn)
= 2
√
pi
Γ(n+12 )
Γ(n2 )
.
Thus the volume difference between an (n−1)-lune and its floating body is of order
δ. This is particularly interesting, since no Euclidean convex body has a similar
asymptotic. It would be very interesting to determine the asymptotic behavior of
k-lunes for k ∈ {0, . . . , n− 2}.
In [4], the expected volume difference of a closed halfsphere and a uniform ran-
dom polytope inside the closed halfsphere were considered and similar phenomena
were observed.
5.2 Hyperbolic polytopes
Let Hn be the hyperbolic n-space and denote by volhn the natural volume measure.
It is a curiosity of hyperbolic space that geodesically convex closed subsets may
be unbounded, but still have finite volume. Hence, concerning convex polytopes
in hyperbolic space, we should distinguish between polytopes with finite volume
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and the subset of compact convex polytopes. The (geodesically) convex hull of
a finite number of points such that the convex hull has non-empty interior is an
n-polytopes in Hn (cf. [61, Thm. 6.3.17]). Hence, an n-polytope in Hn is always
bounded.
In the projective model of hyperbolic space, n-polytopes in hyperbolic space
can be identified with Euclidean n-polytopes in the open unit ball. To be more
precise, the projective model is the metric space (Bn, dh), where Bn ⊂ Rn is the
open unit ball and the hyperbolic distance dh between two points x, y ∈ Bn is
defined by
dh(x, y) =
1
2 ln
(‖y − p‖
‖x− p‖
‖x− q‖
‖y − q‖
)
,
where p, q are the intersection points of the line spanned by x and y with the
“sphere at infinity” Sn−1 = bdBn and the four points p, x, y, q are in that order on
the line. Also, ‖·‖ is just the standard Euclidean norm.
Geodesics in the projective model (Bn, dh) are straight lines of Rn intersected
with Bn. Therefore, the geodesically convex hull of a finite number of points in
Bn is the same as the Euclidean convex hull. Hence any n-polytope of Hn can be
identified with a polytope P ∈ K(Rn) with P ⊂ Bn. The hyperbolic volume in
(Bn, dh) is absolutely continuous to λn and the density is given by
ϕh(x) := dvol
h
n
dλn
(x) = (1− ‖x‖2)−n+12 , ∀x ∈ Bn,
(cf. [14, (3.7)]). The hyperbolic floating body in (Bn, dh) is P hδ = P
ϕh
δ . See also
[14, Sec. 4]). Thus, by applying our main Theorem 1.1 with ϕ = ψ = ϕh in
(Bn, dh) we conclude
Theorem 5.2. Let P be an n-dimensional compact geodesically convex polytope
in Hn and let
P hδ :=
⋂{
H− : volhn(P ∩H+) ≤ δ
}
,
be the hyperbolic floating body of P for δ ∈ (0, 12 volhn(P )). Here H± are the
closed half-spaces that are bounded by the totally-geodesic hypersurface H . Then
lim
δ→0+
volhn(P )− volhn(P hδ )
δ
(
ln 1
δ
)n−1 = |flag(P )|n!nn−1 .
In [61, p. 226] a generalized polytope P in (Bn, dh) is defined as the convex
hull of a finite set of points in Bn ∪Sn−1. A generalized polytope has finite volume,
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T (δ) T
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v1 v2
Figure 4: Constructions used in the proof of Theorem 5.3. T is the Euclidean
regular triangle which we identify with the ideal hyperbolic triangles. T hδ is the
hyperbolic floating body and T (δ) is a scaled triangle that is contained in T hδ . Each
of the blue colored caps T ∩H+(vi, 1− h0(δ)), i = 0, 1, 2, cut off hyperbolic area
δ from T and touch the floating body T hδ .
but may contain vertices at infinity and is therefore in general not bounded. We
call a generalized polytope ideal if all vertices of P are at infinity, i.e., contained in
Sn−1. We expect ideal polytopes to behave differently than compact polytopes. So
far, we can verify this in the hyperbolic plane.
Theorem 5.3. For an ideal triangle T in (B2, dh), there are δ0 > 0 and positive
constants C1, C2 such that
C1 ≤ vol
h
2(T )− volh2(T hδ )
δ
≤ C2,
for all 0 < δ < δ0.
Proof. All ideal triangles in the hyperbolic plane are congruent, and therefore
we may consider T to be the Euclidean regular triangle spanned by the vertices
v0 = (1, 0), v1 = (−12 ,
√
3
2 ), and v2 = (−12 ,−
√
3
2 ).
First, we establish the lower bound. Observe that T \ T hδ contains the caps⊎2
i=0 T ∩H+(vi, 1− h(δ)), where h0(δ) is the height determined by
δ = volh2
(
T ∩H+(v0, 1− h0(δ))
)
.
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The caps T ∩H+(vi, 1− h0(δ)), i = 0, 1, 2, are all congruent by a rotation of ±2pi3 .
We conclude
volh2(T )− volh2(T hδ ) ≥
2∑
i=0
volh2(T ∩H+(vi, 1− h0(δ)) = 3δ.
For the upper bound, let, as above, h0(δ) be the height of the cap T∩H+(v0, 1−
h0(δ)) that has hyperbolic area δ. The scaled triangle T (δ) := (1 − 2h0(δ))T is
contained in the floating body T hδ , because any half-plane H
+ that intersects
T (δ) will contain at least one of the caps T ∩ H+(vi, 1 − h0(δ)) and therefore
volh2(T ∩H+) ≥ volh2(T ∩H+(vi, 1−h0(δ))) = δ (see Figure 4). Thus T (δ) ⊂ T hδ .
Since
volh2
(
T ∩H+(v0, 1− h0(δ))
)
=
1∫
1−h0(δ)
1−x√
3∫
− 1−x√3
1
(1− x2 − y2) 32 dy dx
=
1∫
1−h0(δ)
1
(1− x2)
(
y√
1− y2
)∣∣∣∣∣
1√
3
√
1−x
1+x
y=− 1√3
√
1−x
1+x
dx
=
h0(δ)∫
0
√
2
(2− s)√s√3− 2s ds ≥
√
2h0(δ)
3 ,
we conclude h0(δ) ≤ 32δ2. Thus T hδ ⊃ T (δ) ⊃ (1− 3δ2)T , which yields
volh2(T )− volh2(T hδ ) ≤ volh2(T )− volh2
(
(1− 3δ2)T
)
.
The hyperbolic area of this annulus is bounded above by three times the hyperbolic
area of the cap T ∩H+(n, 1−3δ22 ), where n = −v0 = (−1, 0) is the normal vector
of an edge of T , that is,
volh2(T )− volh2
(
(1− 3δ2)T
)
≤ 3 volh2
(
T ∩H+
(
n,
1− 3δ2
2
))
.
We calculate
volh2
(
T ∩H+
(
n,
1− 3δ2
2
))
=
− 12+ 32 δ2∫
− 12
1−x√
3∫
− 1−x√3
1
(1− x2 − y2) 32 dy dx
=
3
2 δ
2∫
0
1
(12 + s)
√
s
√
3
2 − s
ds ≤ 4δ + 4δ2,
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for all δ ∈
(
0, 12
)
, and conclude
lim sup
δ→0+
volh2(T )− volh2(T hδ )
δ
≤ 12.
From Theorem 5.3 it is clear that limδ→0+
volh2 (T )−volh2 (Thδ )
δ
exists. Refining the
arguments, one may conclude, that for any ideal polygon P of (B2, dh) the limit
lim
δ→0+
volh2(P )− volh2(P hδ )
δ
exists. However, calculating the exact value appears to be difficult.
Note that for a regular ideal polygon P the envelope Eh[δ] of all lines that cut off
hyperbolic area δ from P touches the vertices at infinity of P if δ is small enough.
See Figure 5 for sketches of an ideal triangle and an ideal regular pentagon in the
projective model and in the Poincaré model of the hyperbolic plane. The reason for
this behavior is, that the hyperbolic area of caps that cut off one vertex and caps
that cut off one edge are asymptotic to
√
hδ, where hδ is the height of the cap. This
was observed for the ideal triangle in the proof of Theorem 5.3 and holds true for
general ideal polygons. This behavior is of course vastly different from what we
experience in Euclidean space, where the Euclidean area of a cap that cuts off a
vertex is asymptotic to h2δ and a cap that cuts off an edge is asymptotic to hδ.
Remark 5.4 (Floating body of regular ideal polygons). The floating body of ideal
regular polygons has a remarkable behavior, as can already be inferred from Figure
6 for the ideal regular octagon. For instance, unlike the Euclidean floating body
which is always strictly convex [67], the hyperbolic floating body of an ideal
regular polygon is a hyperbolic polygon for special values of δ. Apparently the
behavior of hyperbolic floating bodies of polytopes has not been studied yet, and
it seems that the hyperbolic floating body of ideal regular n-polytopes has very
special role in this family and is therefore of particular interest.
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Figure 5: The figures show in blue the envelope Eh(δ) in the projective model (on
the left) and in the Poincaré disk model (on the right) of the hyperbolic plane. In red
we see the convex hyperbolic floating body T hδ of the ideal triangle, respectively,
the floating body P hδ of the ideal regular pentagon P .
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Figure 6: The envelope Eh(δ) (in blue) and the hyperbolic floating body Ohδ (in
red) of the regular ideal octagon O for δ = pi2 , pi,
3pi
2 , 2pi,
5pi
2 , 3pi (vol
h
2(O) = 6pi).
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